An attempt is made herein to locate the fundamental anti-symmetric Lamb wave in lead zirconium titanate (PZT) integrated beams using a wavelet transform. The Lamb wave was generated by feeding to a surface-mounted PZT patch a voltage in the form of sine bursts. The actuating burst consists of a small number of cycles ranging from 2.5 to 4.5 cycles. The wave propagation was monitored by two miniature accelerometers. A type of continuous wavelet transform employing the Gabor wavelet was applied to extract the dominant wave group from the measured acceleration signals. On the basis of the frequency and speed of the extracted wave, the flexural modulus was determined. Wave speed measurement was performed on an aluminum beam and a brass beam. The moduli thus characterized were compared with the reference values, as obtained by the resonant beam method. Such a comparison provides a means to assess the effectiveness of the wave extraction process. It was found that the patch-induced Lamb wave exhibited a frequency higher than that of the actuating sine bursts. Hence, the correct frequency value should be employed in order to achieve an accurate characterization of the flexural moduli. Moreover, a successful wave extraction process requires an appropriate frequency term in the Gabor wavelet. With the above considerations, the characterized moduli harbor a range of error from 1.3% to 5.1%, thus signifying the effectiveness of the wave extraction process.
Introduction
The goal of any structural health monitoring system is to use the smallest number of transducers to monitor the largest area of structures. In this scenario, the use of Lamb waves for damage detection is an appropriate choice. Lamb waves are a form of perturbation that can propagate in solids. Due to their local response nature, techniques that are based on wave propagation should provide information about the presence, severity, and location of damage. Lead break, transverse impact, and actuation with piezoelectric materials are common methods for introducing Lamb waves into structures. Of these, piezoelectric materials in the form of patches have been gaining popularity, as they can be integrated into structures to achieve continuous monitoring. Piezoelectric materials convert electrical energy into mechanical strain. By controlling the arrangement of the patches and the waveform of the actuating signal, tailor-made Lamb waves such as flexural, compressive, and shear waves can be generated to suit particular applications [1, 2] .
Regardless of the systems used, accurate localization of the propagating waves is essential. As Lamb waves are dispersive, the associated energy will spread out in both space and time as they propagate [3] . This may cause significant error in measuring their arrival times. A possible remedy is to limit the bandwidth of the actuation waveform. This is achieved by using actuation in the form of sine bursts with sufficient number of cycles. However, this presents another problem, especially in short samples, where the time separation between the main burst and the reflected waves is insufficient. Increasing the number of cycles within the burst further reduces the time separation. Once interfered with, the individual waves cannot be identified.
Another way to improve the wave localization process is by considering only a particular frequency component of the propagating waves. This requires an effective signal processing tool to perform time-frequency analysis. Prosser et al performed time-frequency analysis using the pseudoWigner-Ville distribution (PWVD) to measure the group velocities of Lamb waves in a graphite/epoxy plate [4] . Signals were generated by fracturing a pencil lead on the surface of the plate, and were received by an ultrasonic sensor. Close agreement between the theoretical and measured wave speeds was reported. Jeong and Jang applied a discrete wavelet transform (DWT) using Gabor wavelets to the time-frequency analysis of Lamb waves in quasi-isotropic and unidirectional graphite/epoxy laminates [5, 6] . The waves were again induced by lead break and were picked up by acoustic emission (AE) sensors. On the basis of the arrival times of the induced waves, the group velocities and locations of lead break can be obtained successfully. An active diagnostic system was proposed for detecting delamination in composite plates [7] . The system incorporated piezoelectric patches as both sensors and actuators. A time-frequency analysis based on the short time Fourier transform (STFT) was applied to obtain the time of flight of the scattered waves. The position, size, and orientation of the damage were then deduced through a delamination identification procedure. The results showed satisfactory agreement with the x-ray images. Among the various techniques for time-frequency analysis, that using a wavelet transform (WT) is particularly suitable for locating the high frequency components of Lamb waves [8] . Simulation results have shown that Gabor wavelets effectively decompose the propagating waves in beams. The group velocities were measured accurately over a wide range of frequencies. Recently, a number of studies have been conducted on the application of the WT in damage detection [9] [10] [11] [12] . Research from the literature has considered 3.5-10 cycles for actuating the piezoelectric patch. In addition, wavelet decomposition was carried out at the frequency of the actuation burst.
This paper presents the time-frequency analysis of patchinduced Lamb waves in beams, with short duration sine bursts for actuation. The wave propagation in an aluminum beam and a brass beam was considered through experimentation. The fundamental anti-symmetric Lamb wave, i.e., the A 0 Lamb mode, was induced by a surface-mounted piezoelectric patch and received by two miniature accelerometers. By performing the WT on the measured acceleration traces, the dominant frequency component of the wave was extracted. On the basis of the speed of the extracted wave, the flexural moduli of the beams were determined. The characterized moduli were then compared with some reference values, to verify the effectiveness of the wave extraction process.
Theory

A 0 Lamb waves in beams
To study the propagation of A 0 Lamb waves in beams, one can start with the Timoshenko beam model [13] . This model assumes that during transverse vibration, each cross-section of the beam remains planar but not necessarily normal to the centerline of the beam. These assumptions constitute a first-order approximation to rotary inertia and transverse shear deformation. In a Cartesian coordinate system x-y-z, the equation of motion of a Timoshenko beam in the x-z plane is given by
where w denotes the transverse deflection of the centerline of the beam; E is the flexural modulus, and G is the shear modulus in the x-z plane; A is the cross-sectional area and I is the second moment of area of the cross-section about the neutral axis; ρ is the mass density of the constituent material; and κ is a correction factor accounting for the shear stress distribution across the thickness. This is a constant for beams of a given cross-sectional shape [14] . Now, consider the propagation of a free harmonic flexural wave of the form [15] w = W e i(kx−ωt) (2) where W, k, and ω are the amplitude, wavenumber, and angular frequency of the assumed waveform, respectively. The wavenumber is related to the wavelength λ by
and the phase velocity, being the propagating speed of a single harmonic wave, is given by
Substituting equation (2) into (1) and for nontrivial solutions for W gives
Solving equation (5) for k 2 and applying equation (4) yields
There is another solution for c corresponding to shear deformation, but the associated frequencies are too high to be considered in this study. Inspection of equation (6) reveals that Lamb waves in beams are dispersive because the phase velocity is a function of frequency, with the higher frequency waves moving faster. In a dispersive medium, a group of free harmonic waves of slightly different frequencies, simply called a wave group, will move at a speed that is different from the phase velocity of the constituting waves. Such a phenomenon was demonstrated by considering the interactions of two sinusoidal waves of slightly different frequencies and wavenumbers propagating in a dispersive medium [16] . The wave group appears as an enveloped harmonic wave. The harmonic wave propagates at the phase velocity, whereas the envelope moves at a different velocity, called the group velocity c g . The group velocity is given by
Hence, it can be derived from equations (4) and (7) that
The derivative in the above expression can be evaluated by differentiating equation (6) with respect to ω. With some manipulations, equation (8) becomes
where
Equations (9) and (10) indicate that the group velocity is related to the material properties, for beams of a given geometry.
Further simplification of equations (6) and (9) is possible by using only those samples fulfilling the following conditions:
Notice that the latter inequality is automatically satisfied. With the conditions in equation (11), equation (6) can be simplified to
The corresponding group velocity can be obtained by substituting equation (12) into (8) to give
Since the group velocity is greater than the phase velocity, the dispersion is referred to as anomalous, i.e., the harmonic wave within a group moves more slowly than its envelope. Equations (12) and (13) can also be derived from the BernoulliEuler beam theory, in which rotary inertia and transverse shear deformation have been neglected [17] . 
A continuous wavelet transform on discrete-time signals
where the asterisk denotes complex conjugation and W f a,b is called the wavelet coefficient [18] . Each daughter wavelet is derived from a prescribed function, called the mother wavelet ψ(t), through scaling and shifting. Mathematically,
in which a and b are real positive continuous variables controlling the degrees of scaling and shifting, respectively. Indeed, one may treat the wavelet coefficient as a measure of the similarity of f (t) to a given daughter wavelet. In this study, the Gabor function is chosen as the mother wavelet, which is expressed as
where β = √ 2 ln 2 and ω 0 = 2π [8] . The Gabor function has a well-defined frequency and is therefore useful for extracting a particular harmonic component of dispersive waves. More importantly, the peak of the magnitude plot of W f a,b signifies the presence of a wave group whose frequency and arrival time are indicated by the corresponding scaling and shifting parameters, i.e., a and b, respectively [6] . As the daughter wavelet ψ a,b (t) has a compact support over b − 4a t b + 4a, the range of integration in equation (14) can be greatly reduced. Now, consider a discrete-time signal f [n] which is obtained by sampling f (t) at a rate f s . f [n] then assumes values at discrete-time points t = n/ f s for integer values of n. It is convenient to define the mother wavelet over an equidistant sampling space. Besides, the CWT is defined as
for integer values of b and 4a. The frequency of the daughter wavelet ψ a,b (t) is then related to the sampling rate f s by
and its time span is given by
Experimentation
Wave speed measurement
Wave speed measurements were performed on an aluminum beam and a brass beam. These were of similar dimensions, and their physical properties are given in table 1. A schematic diagram of the experimental set-up is illustrated in figure 1 . The beam under consideration was vice-clamped at the left end. A 25 mm × 12 mm × 0.254 mm rectangular lead zirconium titanate (PZT) piezoelectric patch (cut from ACX QP10N) was surface mounted on one side of the beam using a thermoplastic tape (3M Bonding Film TBF615, 0.127 mm thick). By using this tape, the patch can be removed from the host structure with sufficient heating (above 250
• C). The patch was placed 300 mm from the support, and Lamb waves were generated by feeding a prescribed voltage waveform to it. Wave propagation was monitored by two wax-mounted miniature accelerometers (Kistler 8614A500M1), 0.7 g in weight, designated as sensor 1 and sensor 2, respectively. Sensor 1 was placed 400 mm from the support while sensor 2 was placed 300 mm from the tip. These accelerometers are able to capture vibrations with frequencies of up to 25 kHz, and their separation, denoted as , is given in table 1. Both actuation and data acquisition were accomplished using a desktop computer equipped with a DAQ card (NI 6062E). A LabVIEW VI-program was created to activate one analog output channel and two analog input channels of the DAQ card. The output channel generated a piecewise-constant waveform for energizing the patch via a power amplifier (PCB 790A01). The amplifier gain was fixed at 40. To focus the maximum amount of energy into the desired driving frequency, a sinusoidal burst modulated by a Hanning window was chosen as the excitation waveform [12] . The zero-to-peak amplitude of the output sine burst from the DAQ card was prescribed at 2.5 V. A smooth waveform was secured by choosing an updating rate of 50 times the driving frequency. The two input channels of the DAQ card received signals from the miniature accelerometers via a signal conditioner (Kistler 5134). The sampling rate was prescribed at 250 kHz for each channel, i.e., f s = 250 kHz. It should be noted that a sufficiently high sampling rate is necessary to provide an accurate representation of the sensor outputs for the subsequent WT.
Impact modal test
To obtain the flexural moduli of the aluminum and the brass beams, a 300 mm long sample was cut from each beam and was subjected to an impact modal test [19] . The sample was suspended in a free-free configuration by thin threads. It was again set into free flexural vibration in the x-z plane by means of an impact along the z-direction, via an impact hammer (PCB 086D80). The force signal from the hammer was amplified by a signal conditioner (PCB 480E09) and served as the trigger for the whole data acquisition process. The out-of-plane velocity of the beam subsequent to the impact was monitored by a laser vibrometer (Ometron VH300 +). Both excitation and response measurements were made at a distance of 50 mm from the ends of the beam. Again, the data acquisition was accomplished using the desktop computer. Another LabVIEW VI-program was developed to acquire both the force and velocity signals in order to obtain the frequency response function (FRF). The sampling rate for each channel was prescribed at 20 kHz, and 80 000 pieces of data were captured. Those vibration modes with frequencies below 4 kHz were identified from the FRF plots by 'peak-picking' [20] . Such a frequency range is above the driving frequency to be used for wave speed measurement. The test was repeated three times and identical frequency values were obtained. These are presented in the middle column of tables 2 and 3 for the respective beams. As the length-to-thickness ratio of the beam is close to 100, the flexural modulus can be inversely calculated from the measured frequencies using the Bernoulli-Euler beam model [21, 22] . The results are tabulated in the right-hand column of tables 2 and 3. The flexural modulus E was found to be insensitive to frequency. The average moduli in tables 2 and 3, i.e., 69.8 GPa for the aluminum beam and 88.5 GPa for the brass beam, will be considered as the reference values. 
Results and discussion
With the set-up shown in figure 1 , sine bursts consisting of 2.5-4.5 cycles were applied to the piezoelectric patch. The driving frequency was fixed at 3 kHz throughout the present study. Such a frequency is close to the upper limit to ensure the shortest duration of the propagating Lamb waves and hence reduce their interactions. The frequency was determined on the basis of the current limit of the power amplifier as well as the capacitance of the piezoelectric patch. Figures 2 and 3 show the sensor outputs from the aluminum and the brass beams, respectively. Note that a short time span of 4 ms, corresponding to 1000 pieces of data, is sufficient for wave speed measurement. A glance at these plots reveals some wave groups. These emerge from the energized patch and propagate along the beam in both directions. At the 3 kHz driving frequency, and with the patch in an asymmetric configuration, the A 0 and S 0 Lamb modes coexist. As the A 0 Lamb mode produces a much larger out-of-plane deformation, the sensors are expected to reveal only the propagation of the A 0 Lamb mode. Sensor 1 receives the out-of-plane perturbations corresponding to the arrival of (i) the first direct wave and (ii) the first reflected wave from the clamped end. Sensor 2 also receives these waves in the same order. However, with the configuration in figure 1 , the wave reflected from the clamped end and that reflected from the free end will reach sensor 2 simultaneously, leading to the complicated waveform subsequent to the arrival of the first direct wave. Owing to the slower wave speed in the brass sample, the first two wave groups reaching sensor 1 have a greater separation in figure 3 than in figure 2 . Yet, increasing the number of cycles from 2.5 to 4.5 reduces their separation, regardless of the beams. In figures 2 and 3, traces of S 0 Lamb waves are not found as they are expected to reach sensor 1 at 0.02 and 0.03 ms, respectively. This signifies that the two sensors only monitor the propagation of the A 0 Lamb mode. The present study only considers the arrival times of the first direct wave at sensor 1 and sensor 2, denoted as t 1 and t 2 , respectively. Such a wave is subjected to least attenuation and dispersion, either due to propagation or reflection from boundaries. The arrival times will be determined from the WT of the measured acceleration traces at particular frequencies. Note that the actuation force history is not required; the only parameter of interest is the traveling time of a particular wave group over a known distance. By measuring the difference in the arrival times of the first direct wave at each sensor, denoted as t 12 , the group velocity can be evaluated using where is the separation between the two sensors. Once the group velocity is obtained, the flexural modulus of the beam can be evaluated by using equation (13) , subject to the conditions of equation (11) . Expressions for the modeling error of equation (13) have been derived in the appendix and are summarized in equation (21):
The Poisson's ratios of aluminum and brass are 0.33 and 0.35, respectively [23] . Based on the physical properties shown in table 1, the flexural moduli in tables 2 and 3, and the 3 kHz driving frequency, the values of α for the aluminum and brass beams are 7.01 × 10 −3 and 10.95 × 10 −3 , respectively. The associated errors in equation (13) for the respective beams are 0.35% and 0.56%. Consequently, equation (13) is deemed to be accurate for material characterization.
Time-frequency analysis of patch-induced Lamb waves
This section presents the time-frequency distribution of the acquired acceleration signals from the aluminum beam. By substituting ω 0 = 2π, f s = 250 kHz into equation (18), the scaling parameter a can be determined for a given frequency. The wavelet coefficients W f a,b at different frequencies are then computed at integer values of b from 1 to 1000, corresponding to each of the sampling instants. Figure 4 shows the magnitude of the wavelet coefficients of the acceleration traces in figure 2(a) . For comparison, the WT plots for figure 2(c) are presented in figure 5 . The two peaks in figures 4(a) and 5(a) correspond to the arrivals of the first direct wave and the reflected wave from the clamped end at sensor 1. In figures 4(b) and 5(b), only the first direct wave is captured by sensor 2. By comparing the WT plots in figure 4 to that in figure 5 , the effect of the duration of sine burst is immediately noticed. First, the higher the number of cycles within the burst, the greater the energy injected into the beam. This is indicated by the larger wavelet coefficients associated with each wave group in figure 5 . Moreover, the peaks in figure 5 are more localized in the frequency domain. The corresponding Lamb waves thus have a narrower bandwidth. However, it can be observed that the peaks in figure 4(a) are more distinctive in the time domain. This implies that there is more interaction between wave groups when a longer sine burst is used.
Decomposition based on driving frequency
Intuitively, the wavelet coefficient plots at 3 kHz are employed to reveal the wave propagation in the beams. Such an approach is based on the premise that the patch-induced waves should exhibit a frequency close to that of the actuating burst [7, 12] . The plots are simply the cross-sections of figures 4 and 5 at f = 3 kHz (indicated by the dotted lines). The results for the aluminum beam are shown in figure 6 , along with the original acceleration traces. The corresponding plots for the brass beam are presented in figure 7 . Recall that sensor 1 receives the first direct wave, followed by the reflected wave from the clamped end. The arrivals of these waves are indicated by peaks on the wavelet coefficient plots. Sensor 2 receives the first direct wave followed by the interaction between the two waves reflected from each end. Only the former wave is observed from the wavelet coefficient plots. The arrival times t 1 and t 2 of the first direct wave at each sensor are marked against the peaks. These are summarized in tables 4 and 5. Additional results, corresponding to different numbers of cycles for actuation, are also presented in these tables. By applying equations (13) and (20), the flexural moduli of the beams are evaluated and tabulated in the last column. The percentage deviations of the characterized moduli from the reference values have been placed in brackets. It is interesting to note that on increasing the number of cycles in the sine burst, the characterized moduli exhibit very different trends. For the aluminum beam, the modulus value diverges from the reference value of 69.8 GPa. In contrast, for the brass beam, the modulus approaches the reference value of 88.5 GPa. The results are disappointing, as the errors are large, ranging from 5.1% to 21.9%.
Decomposition based on dominant frequency
The method described in the previous section assumes that the patch-induced waves dominate at the driving frequency. Due to the small number of cycles for actuation, it is likely that the dominant frequency of the outgoing wave group is different from that of the sine burst. As WT is based on the maximum matching mechanism, the wavelet coefficient will be maximized if the daughter wavelet best matches a given wave group. Accordingly, the frequency at which the first direct wave exhibits the highest wavelet coefficient can be treated as the dominant frequency. For the aluminum beam, it can be seen from figures 4(a) and 5(a) that the first peak of the WTs occurs at a frequency above 3 kHz. This implies that the dominant frequency of the patch-induced waves is indeed higher than the driving frequency. A similar observation is found with the brass beam. The dominant frequencies are presented in the second column of tables 6 and 7. They approach 3 kHz with an increasing number of cycles within the sine burst. From the wavelet coefficient plot corresponding to each dominant frequency, new arrival times t 1 and t 2 are obtained. These are presented, together with the characterized modulus, in tables 6 and 7. Care should be taken when evaluating the modulus from equation (13), as ω is no longer 3 kHz and should be assigned the value of the dominant frequency. Comparison of the modulus values in tables 6 and 7 with those in tables 4 and 5 shows a substantial improvement in the characterization results. However, the exceptionally large flexural modulus in the last row of table 6, i.e., actuation with a 4.5-cycle burst, needs further explanation. It can be observed from figure 2(c) that the first two wave groups arriving at sensor 1 are closely spaced. At the dominant frequency, i.e., 3.1 kHz, the time span of the daughter wavelet is 2.6 ms, according to equation (19) . When the daughter wavelet is at the actual arrival time of the first wave group, the second wave group also contributes to W f a,b . This contribution becomes larger on shifting the daughter wavelet to the right. Consequently, the first peak of the wavelet coefficient plot occurs at a time larger than the actual arrival time of the first wave group. According to equations (13) and (20), the smaller time difference t 12 will lead to an overestimated group velocity and flexural modulus. Such a case will be excluded in the subsequent analyses. The deviation in the frequency of the patch-induced wave from the driving frequency was due mainly to the mechanics of the patch-beam interaction. A similar observation is found in the finite element (FE) models of the aluminum and the brass beams. In the FE models, both the beam and the PZT patch were modeled with eight-node quadrilateral plane elements. The whole model consisted of 808 elements and 3231 nodes. The patch was modeled using an orthotropic thermoelastic material and was perfectly bonded onto the host. No damping was assumed for the models. The solution time step was chosen as 4 µs. For actuation with a 3 kHz 2.5-cycle sine burst, the At this stage, the use of the Gabor function to locate the patch-induced Lamb waves was successful only for the brass beam. The poor results that are associated with the aluminum beam need further investigation. A possible explanation is that the Gabor function does not reveal the correct frequency of the Lamb waves in the aluminum beam. This is possibly due to the inappropriate decay rate used in equation (16) . Normally, for a given ω 0 , the decay rate is completely controlled by β. Interestingly, for a fixed β, the decay rate is also affected by ω 0 by virtue of the scaling process. For instance, a Gabor function with a large ω 0 has to be stretched severely in order to match a particular frequency component. After this scaling process, the corresponding daughter wavelet ψ a,b (t) becomes a slightly damped function. The dominant frequency and the arrival times are now determined by assuming different values of ω 0 in equation (16) . The results that are associated with ω 0 = 1.5π and π are summarized in tables 8 and 9, respectively. From equation (19) , these smaller values of ω 0 imply a shorter wavelet for a given frequency. Moreover, the wavelet exhibits higher damping.
By comparing tables 8 and 9 against table 6, the effects of a reduction in ω 0 can be seen. If ω 0 is reduced from 2π to 1.5π, the dominant frequencies are reduced, although the arrival times t 1 and t 2 are not much affected. More importantly, the errors associated with the characterized moduli are reduced. By reducing ω 0 further to π, the characterized moduli become less accurate. One immediate conclusion that can be drawn is that the Gabor function employing ω 0 = 1.5π is an appropriate choice for extracting the patch-induced waves in the aluminum beam. However, for the brass beam, additional results show that the Gabor function employing ω 0 = 1.5π produces less accurate modulus values. The frequency term in the Gabor function thus plays a critical role when studying the wave propagation in beams of different materials.
As a final remark, it can be deduced from equation (13) that the error in the characterized modulus is four times that in the measured group velocity. In other words, even a small error in the measured group velocity will contribute a significant error in the characterized flexural modulus. Nevertheless, the proposed method still produces accurate modulus values for the beams. This renders the CWT employing Gabor wavelets a highly efficient tool for the extraction of patch-induced A 0 Lamb waves.
Conclusions
The CWT using Gabor wavelets was successfully applied to reveal the A 0 Lamb waves in beams. It was found that the dominant frequency of the patch-induced waves is higher than the driving frequency. This is due to the short duration sine bursts consisting of 2.5-4.5 cycles. Moreover, the dominant wave group appears to have different frequencies when it is extracted by the Gabor function employing different values for ω 0 . With an appropriate frequency term in the Gabor function, the characterized moduli of an aluminum beam and a brass beam harbor an error ranging from 1.3% to 5.1%.
Appendix. Modeling error of the group velocity derived from the Bernoulli-Euler beam theory
This appendix presents the error bounds of the simplified formulae that are given in equations (12) and (13) . To facilitate error analyses, a parameter α is first defined which relates the first and second terms of equation (11) by
The extreme values of the actual phase velocity can then be obtained by resorting to equation (6) to give
However, one may check from equation (10) Note that the middle term is the ratio of the predicted group velocity (predicted by equation (13)) to the actual group velocity. On reducing α, the third term tends to unity and hence equation (13) where ν is the Poisson's ratio of the material. It is evident from equation (A.7) that for a given material, α is small and hence equation (13) is accurate for low frequency waves propagating in thin beams.
